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OBSTRUCTION THEORIES AND VIRUTAL FUNDAMENTAL
CLASSES
JONATHAN WISE
Abstract. We give a new definition of an obstruction theory for infinitesi-
mal deformation theory and relate it to earlier definitions of Artin, Fantechi–
Manetti, Li–Tian, and Behrend–Fantechi.
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2 JONATHAN WISE
1. Introduction
An infinitesimal deformation problem asks, given some structure ξ over a scheme
S and an infinitesimal extension S′ of S, whether it is possible to extend ξ to a
structure of the same type over S′. In any reasonable example, ξ may be viewed
as a section of a stack X , and the deformation problem can be viewed as one of
extending a map:
(1) S
ξ //

X
S′.
ξ′
>>|
|
|
|
Such a problem may be “solved” by describing an obstruction group, Obs(S, J),
depending in a functorial manner on S and J , but not on the specific extension
S′, and an obstruction class ω ∈ Obs(S, J) that does depend on all of the data
and is also functorial in S and J . Should ω vanish, the dashed arrows completing
Diagram (1) form a torsor under a second group, Def(S, J), again depending only
on S and J .
While there is a canonical description of the group Def(S, J), there may be
many different different choices for Obs(S, J). It was shown by Fantechi and
Manetti [FM98] that there is at least a minimal example of an obstruction the-
ory, but the minimal example is rarely the most natural or convenient to use;
moreover, it is necessary to make use of other obstruction theories to define the
virtual fundamental class [LT98, BF97] for use in virtual enumerative geometry.
Despite the utility of obstruction theories in the construction of the virtual funda-
mental class and in Artin’s criteria for the algebraicity of stacks, it remains unclear
just what an obstruction theory is. There are at least three different definitions in
use, all of which are likely inequivalent. The purpose of this paper is to propose a
definition of an obstruction theory that, at least in the author’s opinion, captures
all of the properties one would want from an obstruction theory without sacrificing
any of the generality of the definitions already available.
We will also compare this definition with the others. The first of these is Artin’s,
which was give to streamline his criteria for algebraicity of stacks [Art74, Sec-
tion (2.6)]. Fantechi and Manetti generalized Artin’s definition to a relative set-
ting [FM98].1
Obstruction theories usually arise cohomologically, and from this point of view
the definition of Artin–Fantechi–Manetti definition is phrased in terms of the co-
homology groups of an inexplicit cohomology theory. The finer structure of a co-
homology theory itself proved essential in the definition of the virtual fundamental
class.
To capture this finer structure, two roughly dual definitions of a perfect ob-
struction theory are available. They were introduced at about the same time by
Li–Tian [LT98] and Behrend–Fantechi [BF97]. The Li–Tian definition is given in
deformation-theoretic terms very close in spirit to Artin’s original definition; the
1In fact, Fantechi and Manetti gave a definition that applies even to functions whose “tan-
gent spaces” are not even required to be vector spaces! The definition given here can likely be
generalized that far as well, but I have not pursued it since I do not know of an application.
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essential refinement [LT98, Definition 1.3] is the introduction of a perfect complex
whose cohomology groups are the tangent and obstruction spaces.
Behrend and Fantechi also work crucially with perfect complexes but they work
dually, relying elegantly on the existence of a cotangent complex LX . From their
point of view, an obstruction theory is simply a morphism of complexes E• →
LX whose cone is concentrated in degrees ≤ −2 [BF97, Definition 4.4]. The
deformation-theoretic content of an obstruction theory is neatly encapsulated in
its relation to the cotangent complex, via the cotangent complex’s celebrated role
in deformation theory [Ill71b, Ols07, Ols06].
An obstruction theory in the sense of Behrend–Fantechi induces one in the
sense of Li–Tian and these were shown to give equivalent virtual fundamental
classes [KKP03]. A Li–Tian obstruction theory induces an obstruction theory in
the sense of Artin–Fantechi–Manetti:
(
Behrend
Fantechi
)
⇒
(
Li
Tian
)
⇒

 ArtinFantechi
Manetti

 .
The definition presented here lies between those of Behrend–Fantechi and Li–Tian
and our main result shows that, with a sufficient number of adjectives, it is equiv-
alent to the former:
Theorem. An obstruction theory, in the sense presented here, is induced from
a perfect obstruction theory in the sense of Behrend–Fantechi if and only if it is
locally of finite presentation and quasi-perfect (see Definition 4.10).
The theorem is proved as Proposition 4.13 in Section 4.3.
While we believe our definition is inequivalent to Li’s and Tian’s, it is nonetheless
close to it in spirit, and the theorem therefore gives a means by which to show
that Li–Tian obstruction theories are induced from Behrend–Fantechi obstruction
theories. This application was the original motivation for this paper.
The reason for the disconnect between the definitions of Behrend–Fantechi and
Li–Tian comes down to the cotangent complex. It is a powerful tool for the con-
struction and manipulation of obstruction theories (see, for example, [KKP03,
Cos06, Man08]), but it can also be a liability when it must be used in situations
not foreseen by Illusie in [Ill71b, Ill72].
One such situation arose in the theories of relative and degenerate stable maps.
These theories give a good definition of stable maps into mildly singular schemes by
restricting the class of deformations with the “pre-deformability condition” [Li01].
This condition is not open in the space of all deformations, and it therefore obscures
the relationship between pre-deformable deformations and the cotangent complex
of their moduli space. Because the definition of Li and Tian is more closely re-
lated to deformation theory, it becomes easier (but by no means easy!) to define
an obstruction theory in the sense of Li–Tian. This was accomplished by Li in
[Li02]. In order to compare Li’s obstruction theory to others defined more easily
using the Behrend–Fantechi formalism in [AMW, CMW11] (and to a lesser extent,
[ACW10]), it was necessary to find a definition that incorporates the strengths of
both approaches.
Another situation where reliance on the cotangent complex proved a hindrance
is the theory of logarithmic stable maps, which was held back for several years
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by the lack of the logarithmic cotangent complex needed to imitate the Behrend–
Fantechi construction of the obstruction theory for stable maps. The situation
was eventually remedied when Olsson defined the logarithmic cotangent complex,
and there are now two different moduli spaces of logarithmic stable maps [Kim10,
Che10, AC11, GS11]. However, the construction of the obstruction theory for stable
maps in Section 7.3 makes no reference to the cotangent complex, and therefore
may be adapted virtually unchanged to the logarithmic setting as well.
The definition given here is based on that of a left exact, additively cofibered
category, as given by Grothendieck [Gro68] during his early investigation of the
cotangent complex. Additively cofibered categories are an efficient way of describ-
ing additive 2-functors from an additive category into the 2-category of categories.
Infinitesimal deformations naturally form left exact additively cofibered categories,
making this a convenient setting in which to treat infinitesimal deformation prob-
lems.
Modulo the many functoriality properties that an obstruction theory must sat-
isfy, our definition is the following. Consider the relative version of Diagram (1):
(2) S //

X
h

S′
>>}
}
}
}
// Y.
Suppose that S = SpecA and S′ = SpecA′ are affine and let J be the kernel of the
homomorphism A′ → A. We write ExalX(A, J) for the category of commutative
diagrams (2), including the dashed arrow, in which the ideal of S in S′ is J . Let
h∗ExalY (A, J) be the category of such diagrams, excluding the dashed arrow. An
obstruction theory is an additively cofibered category E (A,−) on the category of
A-modules such that the diagrams
(3) ExalX(A, J) //

e(A, J)

h∗ExalY (A, J) // E (A, J)
are cartesian, with e(A, J) denoting the zero object of E (A, J).
We can understand the diagram as saying that for any ξ ∈ h∗ExalY (A, J)—that
is, any commutative diagram of solid lines (2)—there is an associated obstruction
ω ∈ E (A, J) obtained as the image of ξ under the lower horizontal arrow of (3).
Furthermore, the isomorphisms between ω and e(A, J) are in bijection, in a specified
way, with the lifts of ξ to ExalX(A, J)—the dashed arrows completing Diagram (15).
In particular, ω is isomorphic to zero if and only if a solution to the deformation
problem exists.
1.1. Summary of the paper. The context for the definitions presented here is
that of homogeneous stacks. This is generalization of the homogeneous groupoids
of Rim [Rim72]. We define homogeneous stacks in Section 2 and explain some of
their basic properties.
The definition of an obstruction theory is given in Section 3, after some back-
ground material on additively cofibered categories. The main results of this paper
are contained in Section 4, where we relate our definition to the cotangent com-
plex in 4.2 and to the definition of Behrend–Fantechi in Corollaries 4.8 and 4.9.
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Proposition 4.13 gives criterion for an obstruction theory to be representable by a
complex of perfect amplitude in degress [−1, 0], which is useful in [CMW11].
In Section 5 we explain how to recover an obstruction sheaf from an obstruction
theory as defined here. This permits us to relate our definition to Artin’s and to
Li’s and Tian’s. In Section 6, we define compatible obstruction theories and relate
this notion to the one defined by Manolache [Man08]. Finally, in Section 7, we
give some familiar examples of obstruction theories, viewed from the perspective
presented here.
Perhaps the most interesting example of an obstruction theory is the one for
degenerate stable maps that motivated this paper. It is too long to give a thorough
treatment here, and will be described in a separate paper [Wisa]. Many details of
a related obstruction theory are given in [CMW11] as well.
The appendix contains some background material on bilinear maps of vector
bundle stacks.
1.2. Notational conventions. As in [Art74], we have tried here to work sys-
tematically with covariant functors and cofibered categories over the category of
rings instead of contravariant functors and fibered categories over the category of
schemes. In company with [Art74] we have not been entirely successful in this
respect.
The reason we have used the algebraic language instead of the geometric one
is our systematic reliance on the category ComRngMod of pairs (A, I) where A is
a commutative ring and I is an A-module. The opposite of this category, which
might most naturally be described as the category of paris (S, F ) where S is an affine
scheme and F is an object of the opposite category of quasi-coherent sheaves on S,
is a syntactic atrocity. Furthermore, we will find various categories that have are
contravariant with respect to ComRng, but whose natural extensions to schemes are
only covariant with respect to affine morphisms. Focusing only on affine schemes
allows us to avoid this technicality and shorten a number of statements.
All rings and algebras in this paper are commutative and unital, but we often
emphasize the commutativity anyway. If A is a commutative ring and J is an A-
module then we write J˜ for the associated sheaf on the small e´tale site of A, which
is denoted e´t(A). Likewise, A˜ denotes the structure sheaf on e´t(A). We employ the
same notation for complexes of A-modules.
In this paper, the distinction between chain complexes and cochain complexes
is purely a matter of notation: every complex E is simultaneously a chain complex
E• and a cochain complex E
• with Ei = E
−i. When referring to the degrees of a
complex, chain or cochain, we always use cohomological degrees. Therefore to say
that a chain complex E• is concentrated in degrees [−1, 0] means that Ei = 0 for
i 6= 0, 1, or, equivalently, that Ei = 0 for i 6= −1, 0.
Finally, note that we often use the following convention: if E is cofibered category
over X-AlgMod (defined in Section 2.1) then we write E (A, I) for the cofibered
category over the category A-E´tAlg of e´tale A-algebras. We use the same notation
for the corresponding fibered category on the small e´tale site of SpecA. We also
extend this notation to apply to sheaves.
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2. Homogeneous stacks
We introduce the stacks for which we will describe obstruction theories later
in the paper. Although we are ultimately interested in obstruction theories for
moduli spaces that are Deligne–Mumford stacks, these obstruction theories can
often be constructed by including these stacks in much larger stacks that cannot
be algebraic; moreover, one application of obstruction theories is in demonstrating
that stacks are algebraic, so we must have a definition that applies to stacks that
are not known a priori to be algebraic. The stacks we work with will be called
homogeneous, expanding the terminology employed by [Rim72] to a more general
setting.
Let ComRng be the category of commutative rings. A cofibered category over
ComRng is called a stack if it satisfies descent in the e´tale topology. Note that our
stacks are cofibered over commutative rings instead of fibered over schemes, as is
more conventional, and the fibers of our stacks are not required to be groupoids.
We will say that a cofibered category F → ComRng is homogeneous or satisfies
Schlessinger’s conditions if, whenever
A′ //

B′

A // B
is a cartesian diagram in ComRng and the kernel of B′ → B is nilpotent, the natural
map
F (A′)→ F (A) ×
F (B)
F (B′)
(which is defined up to unique isomorphism) is an equivalence of categories. Fol-
lowing [Rim72, Definition 2.5], this can be put somewhat more intrinsically:
(i) if η′ → η and ξ → η are morphism in F such that p(η′) → p(η) is an
infinitesimal extension, then a fiber product ξ×η η
′ exists, and
(ii) the projection p : F → ComRng preserves such fiber products.
Rim’s definition of homogeneity [Rim72] efficiently implies all of Schlessinger’s
criteria [Sch68, Theorem 2.11] simultaneously. The study of homogeneous groupoids
has been taken up again more recently by Osserman (see [Oss10, Definition 2.7],
where “deformation stacks” are analogous to homogeneous stacks).
If X is a cofibered category over ComRng, we also write X-Alg for the underlying
category of X . (If X = SpecA is an affine scheme then X-Alg is the category of
A-algebras.) Accordingly, we refer to the objects of X-Alg as X-algebras. If B is a
commutative ring then we also refer to the objects of X(B) as X-algebra structures
on B.
The following proposition is well-known.
Proposition 2.1. Any algebraic stack is homogeneous.
Proof. Let X be an algebraic stack, suppose that A′ → A is an infinitesimal ex-
tension of X-algebras and B → A is a homomorphism of A-algebras. We wish to
construct a fiber product of X-algebras B′ = B×AA
′.
Let A, A
′
, and B denote the underlying commutative rings of A, A′, and B,
respectively. Let B
′
be the fiber product of A
′
and B over A. The problem is to
define a canonical X-algebra structure on B
′
.
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Since X is a stack in the e´tale topology, this is an e´tale-local problem in B
′
,
and since the e´tale site of B
′
is the same as the e´tale site of B, it is also an e´tale
local problem in B. We can therefore assume that the X-algebra structure on B
is induced from a C-algebra structure on B for some smooth X-algebra C. By
the infinitesimal criterion for smoothness, we can extend the induced C-algebra
structure on A to a C-algebra structure on A
′
. From this lift we obtain a canonical
C-algebra structure on B
′
because C is representable by a commutative ring.
By composition, this induces an X-algebra structure on B
′
. We must argue
that this construction does not depend on the choice of the smooth X-algebra C.
Indeed, suppose we had two X-algebra structures B′ and B′′ on B
′
that induce the
given X-algebra structures on A, A
′
, and B. Then we obtain an X × X-algebra
structure on B
′
such that the induced X ×X-algebra structures over A, A
′
, and B
are compatible induced from the diagonal map X → X×X . But X is an algebraic
stack so the diagonal is representable by algebraic spaces. Therefore the proposition
is reduced to the corresponding statement for algebraic spaces.
Repeating the argument again withX being an algebraic space (and in particular
with the diagonal of X being an embedding), we discover that we can assume X is
representable by embeddings of algebraic spaces. If we repeat the argument once
more, we can assume that X is representable by isomorphisms (the diagonal of an
embedding being an isomorphism), in which case there is nothing to prove. 
2.1. Modules over commutative rings. Let ComRngMod be the category of
pairs (A, I) where A is a commutative ring and I is an A-module. A map (A, I)→
(B, J) in ComRngMod is a ring homomorphism ϕ : A → B and an A-module
homomorphism I → J[ϕ]. This category is bifibered (i.e., fibered and cofibered)
over ComRng via the projection sending (A, I) to A. The base change functor, with
respect to a morphism ϕ : B → A sends the pair (A, I) to I[ϕ] (which is in fact a
splitting) and the co-base change functor sends (B, J) to (A, J ⊗B A).
The fibers of ComRngMod over ComRng are abelian categories, and ComRngMod
forms a stack over ComRng in the fpqc topology.
If A is an X-algebra then by definition an A-module is a module under the
underlying commutative ring of A. We write X-AlgMod for the category of pairs
(A, I) where A ∈ X-Alg and I is a A-module. The morphisms in X-AlgMod are
the evident ones: a map (A, I) → (B, J) is a morphism of X-algebras ϕ : A → B
and a morphism of A-modules I → J[ϕ]. In more sententious terms, X-AlgMod is
the strict fiber product X-Alg×ComRng ComRngMod.
2.2. Tangent vectors. Suppose that A is a commutative ring and I is an A-
module. We may form a new commutative ring A + I whose underlying abelian
group is A× I and multiplication is defined by
(a, x).(a′, x′) = (aa′, ax′ + a′x).
So, in particular, I ⊂ A + I is an ideal that squares to zero. This is the trivial
square-zero extension of A by I.
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Recall that if ϕ : B → A is a homomorphism of commutative rings, then the
derivations of B into I[ϕ] can be identified with the lifts of the diagram
A+ I

B
<<y
y
y
y ϕ // A.
In other words, the B-algebra structures on A + I lifting the specified B-algebra
structure on A can be identified with the I-valued tangent vectors of SpecB at
the A-point SpecA → SpecB. This is a commutative group, which we denote
TB(A, I). The purpose of this section is to extend this definition to the case where
B is a homogeneous stack X , and make explicit the various functoriality properties
of TX that will imply the categories TX(A, I) are abelian 2-groups.
The construction (A, I) 7→ A + I gives a new functor from Φ : ComRngMod →
ComRng (recall that we also have the projection which forgets I). This second
functor is faithful since a morphism (A, I) → (B, J) can be recovered from the
induced map A+ I → B + J , but it is not full.
Let X be a cofibered category over ComRng. We may define a cofibered category
TX to be the strict fiber product X-Alg×ComRng(ComRngMod,Φ). The objects of
TX are triples (A, I, ϕ) where (A, I) ∈ X-AlgMod and ϕ is an X-algebra structure
on A+ I. A morphism in TX from (A, I, ϕ) to (B, J, ψ) is a morphism u : (A, I)→
(B, J) and a morphism of X-algebras (A + I, ϕ) → (B + J, ϕ) lifting the map
A+ I → B + J induced from u.
Proposition 2.2. Let X be a cofibered category over ComRng.
(i) TX is cofibered over X-AlgMod via the projection sending (A, I, ϕ) to (A, I).
(ii) TX is cofibered over X-Alg via the projection sending (A, I, ϕ) to A.
Assume that X is also homogeneous.
(iii) TX is fibered over X-Alg via the projection sending (A, I, ϕ) to A.
(iv) For each A ∈ X-Alg, the category TX(A) is left exact and additively cofibered
over A-Mod.
(v) For any (A, I) ∈ X-AlgMod, the category TX(A, I) is naturally equipped
with the structure of an abelian 2-group.
Proof. (i) The functor TX(A, I)→ TX(B, J) associated to a morphism u : (A, I)→
(B, J) in X-AlgMod sends (A, I, ϕ) to (B, J, v∗ϕ) where v : A + I → B + J is the
morphism induced from u.
(ii) X-AlgMod is cofibered over X-Alg and TX is cofibered over X-AlgMod by
Part (i).
(iii) Let u : A → B be a homomorphism of commutative rings, and let J be
a B-module. Suppose that ξ → η is a morphism of X-algebras lifting u. By
homogeneity, the map
X(A+ J[u])→ X(A) ×
X(B)
X(B + J)
is an equivalence. Restricting, via the projection to X(A), to the fiber over ξ, we
get an equivalence
TX(ξ, J[u])→ TX(η, J).
An inverse to this functor gives the base change functor TX(η, J)→ TX(ξ, J[u]).
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(iv) Let A be a commutative ring. Suppose that
0→ I → J → K → 0
is an exact sequence of A-modules. Then we have a cartesian diagram of rings
A+ I //

A+ J

A // A+K.
We therefore deduce that the diagram
TX(A, I) //

TX(A, J)

X(A) // TX(A,K)
is cartesian by homogeneity. Restricting to the fiber over ξ ∈ X(A), we get a
cartesian diagram
TX(ξ, I) //

TX(ξ, J)

{ξ} // TX(ξ,K)
which means that the sequence
0→ TX(ξ, I)→ TX(ξ, J)→ TX(ξ,K)
is exact.
(v) An immediate consequence of (iv) (in view of [Gro68, Section 1.4] or [Wisb]).

2.3. Square-zero extensions. Recall that a square-zero extension of a commu-
tative algebra A by an A-module I is a surjection of commutative algebras A′ → A
whose kernel consists of elements that square to zero, and an isomorphism between
the kernel and I, with its A′-module structure induced by the projection. Let Exal
be the category of triples (A, I,A′) where A is a commutative ring, and A′ is a
square-zero extension of A by I. The projection Exal→ ComRng makes Exal into a
fibered category over the category of commutative rings. There is also a projection
Exal→ ComRngMod sending (A, I,A′) to (A, I).
If X is a cofibered category over ComRng, define ExalX to be the category of
triples (A, I,A′) where A is an X-algebra and A′ is a square-zero X-algebra exten-
sion of A by I. A morphism from (A, I,A′) to (B, J,B′) is a pair of compatible
morphisms of X-algebras ϕ : A → B and A′ → B′ (which induce a morphism of
A-modules I → J[ϕ]. The following is a more precise form of this definition: let
Φ : Exal → ComRng be the projection sending (A,A′) to A′. If X is a cofibered
category over ComRng, then ExalX = X ×ComRng(Exal,Φ).
Proposition 2.3. Let X be a cofibered category over ComRng.
(i) ExalX is cofibered over Exal.
(ii) ExalX is cofibered over e´tale morphisms in X-AlgMod.
Assume that X is also homogeneous.
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(iii) ExalX is fibered over ComRng and the map ExalX → ComRngMod is carte-
sian.
(iv) For each A ∈ ComRng, the category ExalX(A) is left exact and additively
cofibered over A-Mod.
(v) For any (A, I) ∈ ComRngMod, the category ExalX(A, I) is naturally equipped
with the structure of an abelian 2-group.
Remark 2.4. Although ExalX and TX have some similar functoriality properties,
the forms of Propositions 2.2 and 2.3 are not identical. This is because TX(A, I) is
naturally related to the deformations of X , while ExalX(A, I) is naturally related to
the deformations of A. This can be seen using the cotangent complex, provided one
is available: we can identify the isomorphism classes in TX(A, I) with Ext
0(LX , I)
and we can identify the isomorphism classes in ExalX(A, I) with Ext
1(LA/X , I).
Proof of Proposition 2.3. (i) This follows immediately from the fact that X-Alg is
cofibered over ComRng.
(ii) We have a commutative diagram
ExalX //

Exal

X-AlgMod // ComRngMod.
To show that ExalX is cofibered over e´tale maps in X-AlgMod, it suffices to show
that ExalX is cofibered over e´tale maps in ComRngMod, sinceX-AlgMod is cofibered
over ComRngMod. Furthermore, ExalX is cofibered over Exal by (i), so it is sufficient
to show that Exal is cofibered over e´tale maps in ComRngMod.
One can factor a morphism in ComRngMod in a unique way into a morphism that
is cocartesian over ComRng followed by a morphism in A-Mod for some commutative
ring A. Pushout of exact sequences immediately demonstrates that Exal(A) is
cofibered over A-Mod, so the problem reduces to showing that Exal is cocartesian
over e´tale morphisms of ComRng.
Let A → B → C be a sequence of morphisms in ComRng with A → B e´tale,
and let ξ → ω be a morphism of Exal over A → C. We must show there is a
morphism ξ → η in Exal(A → B), depending only on ξ and the map A → B,
through which the map ξ → ω factors uniquely. We can represent ξ by a square-
zero extension A′ of A, and ω by a square-zero extension C′ of C. By [Gro72b,
The´ore`me 1.1], the tensor product induces an equivalence from e´tale A′-algebras to
e´tale A-algebras. Therefore there is an e´tale A′-algebra B′, determined uniquely
up to unique isomorphism, and a cocartesian diagram
A′ //

B′

A // B.
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To check the universality of B′, we must show that the commutative diagram of
solid lines
A′
   A
AA
AA
AA
A
A
  B
BB
BB
BB
B B
′ //___

C′

B // C
can be completed in a unique way by a dashed arrow. This is equivalent to showing
that the diagram
C B′oo
~~|
|
|
|
C′
OO
A′oo
OO
can be completed in a unique way by a dashed arrow. But the map A′ → B′
is e´tale and C′ → C is an infinitesimal extension, so the dashed arrow and its
uniqueness are guaranteed by the infinitesimal criterion for being e´tale [Gro64,
De´finition (19.10.2)].
(iii) Note first that Exal is fibered over ComRng by pullback of exact sequences.
This proves the claim when X is a point. To prove the general case, we must show
that, given any sequence of morphisms ξ → η → ω in X and square-zero extensions
ξ′ → ξ and ω′ → ω, there is a square-zero extension η′ → η, independent of ξ, and
a unique factorization of ξ′ → ω′ through η′:
ξ′
>
>
>
>

ξ
?
??
??
??
? η
′

// ω′

η // ω
The diagram illustrates that we are searching for a fiber product η′ = η×ω ω
′,
which is provided by the homogeneity of X .
(iv) First we show that if ξ is an X-algebra with underlying commutative ring A
then ExalX(ξ) is additively cofibered over A-Mod. We must show that ExalX(ξ, 0) =
0, which amounts to noting that ExalX(A, 0)→ X(A) is an equivalence. We must
also check that
(4) ExalX(ξ, I ⊕ J)→ ExalX(ξ, I)× ExalX(ξ, J)
is an equivalence. We note now that if ξ′ ∈ ExalX(ξ, I ⊕ J) and η
′ ∈ ExalX(A, I)
and ω′ ∈ ExalX(A, J) are the objects induced from ξ
′, then there is a cartesian
diagram
ξ′ //

η′

ω′ // ξ
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in X-Alg. Therefore ξ′ can be recovered up to unique isomorphism as η′×ξ ω
′,
which implies that the morphism displayed in Equation (4) is an equivalence.
To demonstrate left exactness, suppose that
0→ I → J → K → 0
is an exact sequence of ξ-modules for an X-algebra ξ with underlying commutative
ring A. We must show that the sequence
0→ ExalX(ξ, I)→ ExalX(ξ, J)→ ExalX(ξ,K)
is exact. Recall that the exactness of this diagram is equivalent to the following
diagram’s being cartesian:
(5) ExalX(A, I) //

ExalX(A, J)

X(A) // ExalX(A,K)
where the maps ExalX(A, I)→ X(A)→ ExalX(A,K) come from the identification
X(A) ≃ ExalX(A, 0). An object of the fiber product can be identified with a
diagram of solid lines
(6) ξ′ //___



η′

ξ // ω′
inside X-Alg/ξ where η′ ∈ X(A, J), ω′ ∈ X(A,K), and η′ → ω′ is cocartesian
over A-Mod. By homogeneity, this diagram has a fiber product ξ′ completing the
diagram above. Let
A′1 //

A′2

A // A′3
be the image of the cartesian diagram (6) in ComRng. By homogeneity, this dia-
gram is cartesian. Furthermore, A′2 is a square-zero extension of A by J and A
′
3
is a square-zero extension of A by K. It follows that A′1 is a square-zero exten-
sion of A by I. This demonstrates an inverse to the natural map ExalX(A, I) →
ExalX(A, J)×ExalX (A,J)X(A) and therefore shows that Diagram (5) is cartesian.
(v) An immediate consequence of (iv) and [Gro68] or [Wisb]. 
3. Obstruction theories
3.1. Additively cofibered categories. Let X be a stack. A stack of cofibered
categories on X is a cofibered category E over X-AlgMod that is a stack over X-Alg
in the e´tale topology. We call it left exact and additively cofibered if, for each X-
algebra A, the cofibered category E (A) over A-Mod has the corresponding property.
Note that this implies that each E (A, I) possesses a zero object e(A, I), well-defined
up to unique isomorphism, and these can be combined into a cocartesian section e
of E overX-AlgMod. We will call a stack of additively cofibered categories cartesian
if it is also cartesian over the arrows of X-AlgMod that are cartesian over X-Alg.
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Suppose that E is a stack of additively cofibered categories on X-AlgMod. We
call E exact if it is left exact and, for any X-algebra A, and any exact sequence
0→ I → J → K → 0,
the map E (A, J) → E (A,K) is locally essentially surjective. This means that for
any section ξ of E (A,K), the collection of A-algebras B such that ξ⊗AB can be
lifted, up to isomorphism, to E (B, J ⊗AB) constitutes an e´tale cover of A.
Let v : (A, I)→ (B, J) be a morphism of X-AlgMod that is cartesian overX-Alg.
We have a morphism of X-algebras u : A → B and an induced isomorphism
I ≃ J[u]. Then v induces functors Φ : E (B, J) → E (A, I) and Ψ : E (A, I) →
E (B, J), each well-defined up to unique isomorphism, that must be adjoint : for
each x ∈ E (A, I) and y ∈ E (B, J), we have
HomE (A,I)(x,Φ(y)) = Homf (x, y) = HomE (B,J)(Ψ(x), y).
But both E (A, I) and E (B, J) are groupoids by [Gro68, 1.5 a)], so Φ and Ψ must
be mutually inverse functors.
Proposition 3.1. Let E be a cofibered category over X-AlgMod. The following
conditions are equivalent.
(i) E is cartesian over the morphisms of X-AlgMod that are cartesian over
X-Alg.
(ii) E is cartesian over X-Alg.
(iii) For every map (A, I)→ (B, J) of X-AlgMod that is cartesian over X-Alg,
the functor E (A, I)→ E (B, J) is an equivalence.
(iv) For every X-algebra homomorphism f : A→ B and every B-module J , the
functor E (A, J[f ])→ E (B, J) is an equivalence.
Proof. The implication (i) ⇒(iii) was demonstrated before the statement of the
proposition and (iii) ⇒(iv) is obvious. The equivalence (i) ⇔(ii) holds because
X-AlgMod is cartesian over X-Alg.
We prove (iv)⇒(ii). Let f : A→ B be a homomorphism of X-algebras and let J
be a B-module. Let y be an object of E (B, J). Let I = J[f ]. We show that there is
an object x ∈ E (A, J[f ]) and a morphism x→ y of E that is cartesian above X-Alg.
Since the co-base change functor Ψ : E (A, I)→ E (B, J) is an equivalence, there is
an object x ∈ E (A, I) such that Ψ(x) is isomorphic to y. Choosing such an x and
such an isomorphism, we get an object of HomE (B,J)(Ψ(x), y) = Homf (x, y), which
gives the required map ϕ : x → y. It remains to demonstrate that ϕ is cartesian
over X-Alg.
Let g : C → A be a homomorphism of X-algebras and suppose that z ∈ E (C,K)
for some C-module K. We must show that the natural map
(7) Homg(z, x)→ Homfg(z, y)
is a bijection. Associated to any α ∈ Homg(z, x) we have a map (C,K) → (B, J),
hence a homomorphism of C-modules K → J[fg] = I[f ]. Hence we can decom-
pose (7) as ∐
u:K→I[f]
Hom(g,u)(z, x)→
∐
u:K→J[fg]
Hom(fg,u)(z, y).
It suffices to demonstrate that the map is a bijection on each component. Now,
because E is cocartesian over X-AlgMod, there must be a morphism z → w of E
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that is cocartesian over the map (g, u) : (C,K) → (C, I[f ]). The horizontal arrows
in the commutative diagram
Hom(g,idI[f] )(w, x)
//

Hom(g,u)(z, x)

Hom(fg,idI[f] )(w, y)
// Hom(fg,u)(z, y)
are both bijections, so it will now suffice to demonstrate that the vertical arrow on
the left is a bijection.
Use the notation
Ψf : E (A, I)→ E (B, J)
Ψg : E (C, I[f ])→ E (A, I)
for the co-base change functors. We have
Homfg(w, y) = HomE (B,J)(ΨfΨg(w), y) because w → ΨfΨg(w) is cocartesian
= HomE (A,I)(Ψg(w), x) because Ψf is an equivalence
and Ψf (x)→ y is an isomorphism
= Homg(w, x) because w → Ψg(w) is cocartesian.

Definition 3.2. Let h : X → Y be a morphism of homogeneous stacks over
ComRng. An obstruction theory for X over Y is a cartesian stack of left exact
additively cofibered categories E over X equipped with a cartesian diagram
(8) ExalX //

e

h∗ExalY // E
in which the horizontal arrows preserve
(i) arrows that are cocartesian over e´tale maps in ComRngMod, and
(ii) arrows that are cartesian over ComRng.
3.2. The relative intrinsic normal stack. To specify Diagram (8) should be the
same as to give a morphism
h∗ExalY /ExalX → E ,
provided one can give a satisfactory definition of the source. We indicate how
this can be done when X and Y are algebraic stacks and X → Y is of Deligne–
Mumford type, meaning that for any Y -algbra A, the stack XA on A-algebras is a
Deligne–Mumford stack.
We make some abbreviations in this section. If A is an X-algebra, then we write
SpecA for the spectrum of its underlying commutative ring, equipped with a map
to the stack X . We also write e´t(A) in place of e´t(SpecA) for the small e´tale site
of SpecA. If J is an A-module, we write J˜ for the associated sheaf on e´t(A). Thus
A˜ is the structure sheaf on e´t(A).
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Assume first that both X and Y are Deligne–Mumford stacks. Then the map
h : X → Y can be represented by a morphism of e´tale locally ringed topoi (h, ϕ) :
(e´t(X),OX)→ (e´t(Y ),OY ).
Definition 3.3. Suppose that X → Y is a morphism of Deligne–Mumford stacks.
Define NX/Y to be the category of triples (C, J,A ) where (C, J) ∈ X-AlgMod,
corresponding to a morphism f : e´t(C)→ e´t(X) and a homomorphism ϕ : f∗OX →
C˜ of sheaves of rings, and A is a square-zero extension of f∗OX by J˜[ϕ] as a
f∗h∗OY -algebra.
Let X-E´tAlg be the category of e´tale X-algebras. Then we can restrict the
projections NX/Y → X-Alg and h
∗ExalY → X-Alg via the inclusion X-E´tAlg →
X-Alg.
Lemma 3.4. The restrictions of NX/Y and h
∗ExalY to X-E´tAlg are equivalent.
Proof. Suppose that C is an e´tale X-algebra. Let i : e´t(C)→ e´t(X) be the canon-
ical map. Then the sheaves C˜ and i∗OX on e´t(C) are canonically isomorphic.
Moreover, if J is a C-module, then extensions of C˜ by J˜ as a i∗h∗OY -algebra are
equivalent by taking global sections to extensions of C by J as a Y -algebra. 
Let (B, I,B) and (C, J,C ) be objects of NX/Y with u : e´t(B) → e´t(X) and
v : e´t(C) → e´t(X) the corresponding morphisms of e´tale sites. A morphism
(B, I,B)→ (C, J,C ) of NX/Y is a morphism f : (B, I)→ (C, J) of X-AlgMod, cor-
responding to a map w : e´t(C)→ e´t(B), and a morphism of extensions w∗C → B
that is compatible with the Y -algebra structures and the maps w∗C˜ → B˜ and
w∗J˜ → I˜ induced from f .
There is a projection NX/Y → X-AlgMod sending a triple (C, J,A ) to (C, J),
as in Definition 3.3.
Proposition 3.5. (i) NX/Y is cocartesian over X-AlgMod.
(ii) NX/Y is cartesian over X-Alg and the projection NX/Y → X-AlgMod pre-
serves morphisms that are cartesian over X-Alg.
(iii) For each X-algebra C, the cofibered category NX/Y (C) over C-Mod is ad-
ditively cofibered and left exact.
Proof. For the first two assertions we limit ourselves to describing the pushforward
and pullback functors. Their universal properties are not difficult to verify.
(i) Suppose that (B, I)→ (C, J) is a morphism in X-AlgMod whose correspond-
ing morphism of e´tale sites is w : e´t(C)→ e´t(B) and (B, I,B) ∈ NX/Y (B, I). Let
u : e´t(B) → e´t(X) and v : e´t(C) → e´t(X) be the morphisms of e´tale sites. Then
w∗ is exact so w∗B is an extension of w∗u∗OX ≃ v
∗OX by w
∗I˜. Pushing out this
extension via the map w∗I˜ → J˜ , we get the desired extension of v∗OX by J˜ .
(ii) Suppose C ∈ NX/Y (C) for some C ∈ X-Alg, and u : e´t(C) → e´t(X) is the
corresponding map of e´tale sites. Let ϕ : B → C be an X-algebra homomorphism
and let w : e´t(C)→ e´t(B) be the corresponding map of e´tale sites. Write v for the
map of e´tale sites e´t(B)→ e´t(X). Then C is an extension of u∗OX by J˜ for some
C-module J . Using the fact that w is affine, so R1w∗J˜ = 0, it follows that w∗C is
an extension of w∗u
∗OX by w∗J˜ = J˜[ϕ]. Pulling this extension back via the map
v∗OX → w∗u
∗OX gives the extension of v
∗OX by J˜[ϕ] that we seek.
(iii) The proof is very similar to that of Proposition 2.3 (iv) and we omit it. A
proof of the left exactness may be found in [Gro68, Section 7.1.11]. 
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Now we construct a cartesian diagram (8) (with E = NX/Y ), demonstrating
that NX/Y is an obstruction theory for X over Y . First we construct the map
h∗ExalY → NX/Y . An object of h
∗ExalY is representable by an X-algebra C and
a square-zero extension C′ of C as a Y -algebra. Let I denote the ideal of C in C′
and let f denote the map of e´tale topoi e´t(C) → X coming from the X-algebra
structure on C. Since the e´tale site of C′ is the same as that of C, we obtain a
square-zero extension C˜′ of C˜ by I˜ on e´t(C) as a f∗h∗OY -algebra. Pulling back via
the map f∗OX → C˜, we get a square-zero extension C = C˜
′×C˜ f
∗OX of f
∗OX on
e´t(C) as a f∗h∗OY -algebra:
(9) 0 // I˜ //

C //

f∗OX //

0
0 // I˜ // C˜′ // C˜ // 0.
This gives an object of NX/Y (C, I).
To verify that Diagram (8) is cartesian, we check that isomorphisms between the
object constructed above and the trivial extension of f∗OX by I˜ are in bijection
with the X-algebra structures on C˜′ lifting the given one on C˜. But to give an
X-algebra structure on C˜′ is the same as to lift the diagram
f∗OX
||y
y
y
y

0 // I˜ // C˜′ // C˜ // 0
which is of course the same as to split the extension in the first row of Diagram (9).
Proposition 3.6. Let E be an obstruction theory for X over Y . Then there is a
uniquely determined (up to unique isomorphism) fully faithful functor NX/Y → E
inducing the cartesian diagram (8) from the corresponding diagram for NX/Y (up
to a unique isomorphism).
Proof. Since both E and NX/Y are stacks on X-Alg, it is sufficient to describe the
value of the map NX/Y → E on (C, J) e´tale locally in C. Since X is a Deligne–
Mumford stack, this means that we can assume there is an e´tale X-algebra D and
an X-algebra homomorphism ϕ : D → C. Let g : e´t(C) → e´t(D) be the induced
morphism of e´tale sites. The pushforward maps
NX/Y (D, J[ϕ])→ NX/Y (C, J)
E (D, J[ϕ])→ NX/Y (C, J)
are both equivalences by Proposition 3.1. Moreover, if the map D → C factors
through a map ψ : D′ → C, whereD′ is another e´taleX-algebra, then the diagrams
FX/Y (D, J[ϕ]) //
%%K
KK
KK
KK
KK
FX/Y (D
′, J[ψ])
yysss
ss
ss
ss
s
FX/Y (C, J)
(with F = N or F = E ) commute in a canonical way, and a similar statement
holds for the tetrahedra coming from a sequence D → D′ → D′′ → C. Therefore,
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to define the map over all X-algebras C, it is sufficient to provide a definition when
f : e´t(C)→ X is e´tale.
In this case, the map f∗OX → C˜ is an isomorphism, so NX/Y (C) = h
∗ExalY (C)
and we have been given a map h∗ExalY (C)→ E (C) by hypothesis.
To check that the cartesian diagram (8) can be recovered from the one for NX/Y ,
it is sufficient to verify this over all e´tale X-algebras, in which case it is true by
definition. 
The proposition demonstrates that NX/Y is the universal obstruction theory for
X over Y .
We can extend this construction to the situation where Y is an algebraic stack
and X is only assumed to be of Deligne–Mumford type over Y . As before, it is
enough to define NX/Y (C, J) e´tale locally in C, so we can assume that there is
a smooth Y -algebra B and a Y -algebra homomorphism B → C. We then take
NX/Y (C, J) = NXB/B(C, J). To demonstrate that this is well-defined, we must
prove
Lemma 3.7 (cf. [Wis11, Lemma 5.3]). If A → B is a flat homomorphism of
commutative rings, XA is a Deligne–Mumford stack over A, and XB = X ⊗AB,
then for any XB-algebra C and any C-module J , the natural map NXB/B(C, J)→
NXA/A(C, J) is an equivalence.
Proof. We describe an inverse. Let f : e´t(C)→ e´t(XB) and g : e´t(C)→ e´t(XA) be
the maps induced from the XA- and XB-algebra structures on C. Suppose that J is
a C-module and C is an extension of g∗OXA by J˜ . Then C ⊗AB is an extension of
g∗OXA ⊗AB = f
∗OXB by J˜ ⊗AB. There is a canonical map J˜ ⊗AB → J˜ coming
from the bilinear map B × J → J induced from the C-action on J and the map
B → C. Pushing out the extension by this map gives the required extension of
f∗OXB by J˜ . 
The verification that this is an obstruction theory for X over Y is a local problem
and reduces to the verification that NXB/B is an obstruction theory for XB over
B, which was shown above.
Corollary 3.8. An obstruction theory for a morphism X → Y of Deligne–Mumford
type may be specified by giving a cartesian, left-exact, additively cofibered category
E over X-AlgMod and a fully faithful morphism NX/Y → E respecting morphisms
that are cocartesian over X-AlgMod and morphisms that are cartesian over X-Alg.
Remark 3.9. Given a suitable definition of a 2-category of obstruction, the corollary
may be rephrased to say that the 2-category of obstruction theories is equivalent
to the 2-category of fully faithful morphisms NX/Y → E .
3.3. Global obstructions. Let h : X → Y be a morphism of homogeneous stacks
over ComRng and suppose that E is an obstruction theory for X over Y . Consider
a lifting problem
(10) S //

X
h

S′ //
>>}
}
}
}
Y
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in which S and S′ are algebraic spaces and S′ is a square-zero extension of S. This
implies that the ideal J of S in S′ is a quasi-coherent OS-module on the small e´tale
site of S (which we identify with the small e´tale site of S′).
Let E be the stack on the small e´tale site of S whose category of sections over
U is E (U, JU )
◦ when U is affine and e´tale over S. This is a legitimate definition
since E was assumed to be a stack in the e´tale topology. If it becomes necessary to
specify the dependence of E on S and J , we will write E (S, J).
Define DefX(S,I ) to be the stack on the small e´tale site of S whose sections
are commutative diagrams
S //

X
S′
>>}}}}}}}
where S′ is a square-zero extension of S by the quasi-coherent sheaf of ideals I .
Defining DefY likewise, so that h
∗DefY (S,I ) is the collection of commutative
diagrams
S //

X

S′ // Y
where S′ is a square-zero extension of S by I , we obtain a map DefX(S,I ) →
h∗DefY (S,I ). Note that if S = SpecA is affine, we have an equivalence
DefX(S, I˜) = ExalX(A, I)
◦
h∗DefY (S, I˜) = h
∗ExalY (A, I)
◦
and these equivalences are functorial in A. When S and I are fixed, we omit them
from the notation and write DefX for DefX(S,I ).
Since E is an obstruction theory and DefX , DefY , and E are all stacks, we have
a cartesian diagram
(11) DefX

// e

h∗DefY
ω // E .
The commutativity of the diagram above induces a map
DefX → {(ξ, ϕ) | ξ ∈ DefY , ϕ : ω(ξ) ≃ e }
from DefX to the category of pairs (ξ, ϕ) where ξ is a section of DefY and ϕ is an
isomorphism between the image ω(ξ) in E and the zero section e of E . Note now
that h∗DefY can be identified with the collection of diagrams of solid lines (10)
and that to solve the lifting problem indicated in (10) is precisely to lift a section
of h∗DefY to one of DefX . The cartesian diagram (11) then provides us with a
bijection between lifts of ξ ∈ h∗DefY and isomorphisms between ω(ξ) and e. In
other words, we may think of ω(ξ) as the obstruction to the existence of a lift of ξ:
it is isomorphic to e if and only if a lift exists and such isomorphisms correspond
exactly to the lifts.
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4. Representability
4.1. Additively cofibered categories associated to complexes. Let C be
an abelian category. Suppose that F• is a chain complex. Following [Gro72a,
Section 3.1], we define an additively cofibered category ΨF• of diagrams
F2
0

F1
~~}}
}}
}}
}}
0 // J // X // F0 // 0
in which the sequence at the bottom is exact. A morphism in ΨF• from (X, I, α) ∈
ΨF•(I) to (Y, J, β) ∈ ΨF•(J) is a commutative diagram
0 // I //

X //

F0 // 0
0 // J // Y // F0 // 0
such that the map X → Y carries α to β.
Objects of ΨF•(J) are called extensions of F• by J . We also write Ext(F•, J)
for ΨF•(J).
Example 4.1. (i) If F• = F1[1], we have ΨF•(J) = Hom(F•, J).
(ii) If F = F0[0] then ΨF•(J) is the category of extensions of F0 by J .
Definition 4.2. An additively cofibered category E over an abelian category C is
said to be representable if there exists a 2-term complex F• in C , concentrated in
degrees [−1, 0] and an isomorphism E ≃ ΨF• .
Remark 4.3. Note that if E• is any chain complex, ΨE• = Ψτ≥−1E• , so the definition
is equivalent to the one that would be obtained by suppressing the restriction on
the degrees in which E• is concentrated.
The definition of ΨF• can be extended to cochain complexes. Suppose that E
•
is a cochain complex (in non-negative degrees). Following [Gro72a, Section 3.3.2],
we define ΨF•(E
•) to be the category of diagrams
F2
0

F1
~~}}
}}
}}
}}
0 // E0 //

X //
~~}}
}}
}}
}}
0
~~
F0 // 0
E1

E2
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in which the middle row is exact and the maps
F1 → X → E
1
F2 → X
X → E2
are all zero. We note that these are abelian examples of butterflies [Ald08, AN09,
AN10].
The construction above is a special case of a more general construction. Suppose
that E is an additively cofibered category over an abelian category C . Let F• be a
cochain complex. Define E (F•) to be the category of pairs (X,α) where X ∈ E (F0)
and α : d∗X ≃ 0E (F1) is an isomorphism inducing the zero isomorphism
0E (F2) ≃ d∗d∗X
d∗α−−→ d∗0E (F1) ≃ 0E (F2).
This determines an additively cofibered category over the category of cochain com-
plexes. Moreover, if E is a left exact and F• → G• is a quasi-isomorphism then by
[Gro68, Proposition 2.7], the induced map E (F•)→ E (G•) is an equivalence.
Suppose that X is a stack in groupoids over ComRng and F• is a chain complex of
sheaves of flat modules2 on X-Alg. That is, for each X-algebra A, we have a chain
complex F•(A) of sheaves of A˜-modules on e´t(A), concentrated in degrees ≤ 0,
with Fi(A) flat over A˜, equipped with maps u
∗F•(A)→ F•(B) for each morphism
A → B of X-algebras corresponding to u : e´t(B) → e´t(A). These maps are
required to satisfy the expected compatibility condition and to induce isomorphisms
u∗F•(A)⊗u∗A˜ B˜
∼
−→ F•(B). Define ΨF• to be the category of triples (A, J,X)
where A is an X-algebra, J is an A-module, and X is an extension of F•(A) by J˜ .
IfE• is a chain complex of A-modules then we can define ΨF•(A,E
•) = ΨF•(A)(E˜
•).
Lemma 4.4. Suppose that X is a stack in groupoids on ComRng. Let F• be a
chain complex of flat modules on X. The category ΨF• defined above is a left
exact, additively cofibered, cartesian stack over X.
Proof. We describe the pushforward functor associated to morphisms of X-AlgMod.
Let Z be an extension of F•(A) by I˜ for some X-algebra A and A-module I. Let
(A, I) → (B, J) be a homomorphism in X-AlgMod and let u : e´t(B) → e´t(A) be
the corresponding morphism of e´tale sites. Then u∗Z ⊗u∗A˜ B˜ is an extension of
u∗F•(A)⊗A˜ B˜ = F•(B) by u
∗I˜ ⊗u∗A˜ B˜ (by the flatness of F(A)0). Pushing out
this extension by the map u∗I˜ ⊗u∗A˜ B˜ → J˜ , we get the extension we are looking
for.
We also check that ΨF• is fibered over X-Alg. Let ϕ : A→ B be a morphism of
X-algebras and u : e´t(B)→ e´t(A) the corresponding morphism of e´tale sites. Sup-
pose that Z is an extension of F•(B) by J˜ for some B-module J . Then since J˜ is
quasi-coherent, u∗Z is an extension of u∗F•(B) by u∗J˜ = J˜[ϕ]. Pulling this exten-
sion back via the map F•(A)→ u∗F•(B) gives the desired object of ΨF•(A, J[ϕ]).
To see that ΨF• forms a stack, it’s enough to remark that F• forms an e´tale sheaf
of complexes of OX -modules and extensions of OX -modules satisfy e´tale descent.
The left exactness is well-known and we omit the proof. 
2In fact, the definition and many of the results are valid when only F0 is required to be flat.
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Definition 4.5. If E is an additively cofibered stack over X then we call E repre-
sentable if it is isomorphic to a stack of the form ΨF• for some chain complex of
flat modules on X .
Note that if E is represented by the complex F• in the sense of Definition 4.5
then for each X-algebra A, the additively cofibered category E (A) on A-Mod is
represented by F•(A), in the sense of Definition 4.2.
Morphisms of complexes and additively cofibered categories. Let E• → F• be a
morphism of 2-term complexes. This induces a map ΨF• → ΨE• by pullback.
The following lemma says that the functor which takes a complex to its associated
additively cofibered category is 2-categorially fully faithful. It is essentially an
example of the 2-categorical Yoneda lemma.
Lemma 4.6. Let E• and F• be 2-term chain complexes in degrees [−1, 0] in an
abelian category C . Let E = ΨE• and F = ΨF• be the associated additively cofibered
categories over C .
(i) There is an equivalence of categories
Hom(F , E ) ≃ ΨE•(F•[−1]).
(ii) There is a bijection
HomD(C )(E•,F•)→ Hom(F , E )/isom.
(iii) If E• → F• is a quasi-isomorphism then the induced map ΨF• → ΨE• is
an equivalence.
Proof. See [Gro68, Corollaire 6.13]. 
Let u, v : E• → F• be two homomorphisms of complexes in an abelian category
C and let h be a chain homotopy from u to v. Then h induces an isomorphism
between the two induced maps ΨF• → ΨE• . As an object of ΨE•(F•[−1]), the map
u can be described by a diagram
E1
d

(
d
u1
)
zzvv
vv
vv
vv
v
0 // F1
−d

(
0
− id
)
// E0 × F1
(u0 d )zzvv
vv
vv
vv
v ( id 0 )
// E0 // 0.
F0
Note the sign on the differential F1 → F0 because of the shift. There is of course a
similar diagram with u replaced by v describing the object of ΨE•(F•[−1]) induced
from v. Let µ and ν be the corresponding objects of ΨE•(F•[−1]). The chain
homotopy h gives us a map(
id 0
h id
)
: E0 × F1 → E0 × F1.
One checks that this gives a morphism of commutative diagrams, and therefore gives
an isomorphism between µ and ν. It follows immediately from the definition that
the composition of chain homotopies (by addition) is carried by this construction
to the composition of morphisms in ΨE•(F•[−1]).
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4.2. The cotangent complex. Assume that X → Y is of Deligne–Mumford type
and Y is algebraic. There is therefore a relative cotangent complex LX/Y and we
can identify NX/Y (C, J) = Ext(f
∗LX/Y , J), where f : e´t(C) → e´t(X) is the mor-
phism of e´tale sites induced from the X-algebra structure on C. We likewise have
ExalX(C, f, J) = Ext(LC/X , J) and h
∗ExalY (C, f, J) = Ext(LC/Y , J). Moreover,
the exact sequence
0→ ExalX(C, J)→ h
∗ExalY (C, J)→ NX/Y (C, J)
coincides via these identifications with the exact sequence
0→ Ext(LC/X , J)→ Ext(LC/Y , J)→ Ext(f
∗LX/Y , J)
associated to the exact triangle
f∗LX/Y → LC/Y → LC/X → f
∗LX/Y [1].
Proposition 4.7. Suppose E• → LX/Y is a morphism of chain complexes that in-
duces an isomorphism H0(E•)→ H0(LX/Y ) and a surjection H1(E•)→ H1(LX/Y ).
Then the induced map NX/Y → E , where E = Ext(E•,−), is an obstruction theory.
Proof. We only need to check that it is fully faithful. Since these are cofibered
categories whose fibers are abelian 2-categories, it’s enough to check that the map
induces an isomorphism on the automorphism group of the identity elements and
is injective on isomorphism classes. But the map on automorphism groups of the
identity elements (resp. on isomorphism classes) can respectively be identified with
the maps
up : Ext
p(LX/Y , J)→ Ext
p(E•, J).
for p = 0 (resp. for p = 1). Let F• be the cone of E• → LX/Y . This is quasi-
isomorphic to a chain complex concentrated in degrees 2 and higher. Therefore
Hom(F•, J) = Ext
1(F•, J) = 0, so by the long exact sequence
Hom(F•, J)→ Hom(LX/Y , J)→ Hom(E•, J)→
→ Ext1(F•, J)→ Ext
1(LX/Y , J)→ Ext
1(E•, J)
we deduce that up is an isomorphism for p = 0 and injective for p = 1. 
Corollary 4.8. Any obstruction theory in the sense of Behrend–Fantechi gives rise
to an obstruction theory in the sense of Definition 3.2.
Corollary 4.9 (of Lemma 4.6). Suppose that X → Y is a morphism of Deligne–
Mumford type and NX/Y → E is an obstruction theory for X over Y . If the
additively cofibered stack E is representable by a flat chain complex E• on X with
coherent cohomology then the obstruction theory NX/Y → E is induced from an
obstruction theory E• → LX/Y in the sense of Behrend–Fantechi.
Proof. Lemma 4.6 guarantees that the map NX/Y → E is induced from a map
E• → LX/Y where E• is concentrated in degrees ≤ 0. Since we have assumed the
cohomology of E• is coherent, E• satisfies Condition (⋆) of [BF97, Definition 2.3].
We must check that the map E• → LX/Y induces an isomorphism on H
0 and
a surjection on H−1. This is a local condition, so we assume that X = SpecA is
affine and replace the complex of sheaves LX/Y with a complex of A-modules that
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is quasi-isomorphic to LX/Y and do the same for E•. The condition we wish to
verify is equivalent to the condition that for every A-modules J , the map
(12) Extp(LX/Y , J)→ Ext
p(E•, J)
be an isomorphism for p = 0 and an injection for p = 1 (by, for example, [ACW10,
Lemma A.1.1]). But we may identify Ext0(LX/Y , J) (resp. Ext
0(E•, J)) as the au-
tomorphism group of the identity in NX/Y (A, J) (resp. E (A, J)) and Ext
1(LX/Y , J)
(resp. Ext1(E•, J)) as the group of isomorphism classes in NX/Y (A, J) (resp. E (A, J)).
The full faithfulness of NX/Y → E implies the required facts about the maps (12).

Virtual fundamental classes. Let E be an additively cofibered, left exact, carte-
sian category over X . For each X-algebra A, let MA be the A-module A itself.
The collection of pairs (A,MA) constitutes a cocartesian section of X-AlgMod over
X-Alg, and therefore by pullback via this section we obtain a stack E on X . This
is an A-module stack (the analogue of an abelian group stack, or “Picard stack,”
for A-modules). In particular, it has an action of A1, in the sense of [BF97, Defi-
nition 1.5].
If X → Y is a morphism of Deligne–Mumford type, write NX/Y for the stack
obtained in this way from NX/Y .
Suppose that E is an obstruction theory for X over Y . Then we obtain a map
NX/Y → E from the map NX/Y → E . This map is an embedding, by Corollary 3.8.
Recall that there is a canonical embedding of the intrinsic normal cone C in N
[BF97, Definition 3.10]. This induces an embedding C ⊂ E. If E is a vector bundle
stack then we obtain a virtual fundamental class [X/Y ]virE by intersecting C with
the zero locus in E.
4.3. Perfection.
Definition 4.10. (i) We say that a left exact additively cofibered category E
over X-AlgMod is locally of finite presentation if the natural map
lim
−→
j
E (Aj , Ij)→ E (A, I)
is an equivalence whenever {(Aj , Ij)}j is a filtered system of objects of
X-AlgMod.
(ii) A left exact additively cofibered category E over X-AlgMod is called quasi-
perfect if the stack of OX -modules E, whose value on an X-algebra A is
E (A,A), is a vector bundle stack [BF97, Definition 1.9] over X .
(iii) A left exact additively cofibered category E is called perfect if it is locally
of finite presentation and quasi-perfect.
Lemma 4.11. Suppose that E is a vector bundle stack on a Deligne–Mumford stack
X. Then there is a morphism of sheaves of flat OX-modules F1 → F0 such that
E = [F0/F1].
Proof. By definition, there is, e´tale-locally in X , a surjective linear map from a
vector bundle onto E. Choose an e´tale cover of X such that on each U in the cover
there is a surjection VU → EU . Take F0 to be the direct sum
∑
i:U→X i!VU and let
F1 = F0×E e be the kernel of the map F0 → E. Then F0 and F1 are sheaves of
OX -modules and E = [F0/F1] since F0 surjects onto E.
24 JONATHAN WISE
To check that F0 is flat, it suffices to check that each i!V is flat if V is. We
need to see that W 7→ i!V ⊗W is left exact. But i!V ⊗W = i!(V ⊗ i
∗W ) and
W 7→ i!(V ⊗ i
∗W ) is the composition of the exact functors i∗, V ⊗(−), and i!.
We check that F1 is also flat by showing that Tor1(F1, J) = 0 for all sheaves of
OX -modules J . The complex F• has perfect amplitude in [−1, 0], so Tori(F•,−)
vanishes for i 6∈ [0, 1]. On the other hand, we have an exact sequence
Tor2(F•, J)→ Tor1(F1, J)→ Tor1(F0, J)
for any sheaf of OX -modules J . As just noted, the first term of this sequence
vanishes because F• has perfect amplitude in [−1, 0] and the last term vanishes
because F0 was demonstrated above to be flat. 
Proposition 4.12. If E is a vector bundle stack on X then there is a complex E•
of flat OX -modules in degrees [−1, 0] and equivalences E(A) ≃ ΨE•(A) for each
X-algebra A, compatible with the covariance of both terms with respect to A.
Proof. By Corollary A.3, E∨ is also a vector bundle stack. Therefore by the lemma
there is a 2-term complex of flat OX -modules E• in degrees [−1, 0] such that E
∨ =
[E0/E1] and we have (E
∨)∨ ≃ E (Corollary A.4). On the other hand, a section
of (E∨)∨ over SpecA, for A an X-algebra, can be identified with a morphism of
A˜-module stacks E∨ → BA˜. By left exactness, that is the same as a morphism
E0⊗OX A˜→ BA˜ and an isomorphism between the induced map E1⊗OX A˜→ BA˜
and the zero map. In other words, it is a commutative diagram
E1⊗OX A˜
{{ww
ww
ww
ww
ww
0 // A˜ // Z // E0⊗OX A˜
// 0
in which the second row is exact (cf. the proof of Lemma A.2 in the appendix).
But to give such a diagram is the same as to give an object of ΨE•(A,A), by
definition. 
Proposition 4.13. Suppose that X is a Deligne–Mumford stack and E is a carte-
sian, left exact, additively cofibered category on X-AlgMod and that the associated
abelian cone stack E of E is a vector bundle stack. Assume also that E is locally
of finite presentation and X is locally of finite presentation over Y . Then there is
a perfect complex E•, of perfect amplitude in [−1, 0], and an equivalence of fibered
categories
E ≃ ΨE•
that is determined, up to unique isomorphism, by E.
Proof. The first step will be to construct the map ΨE• → E . Then we will show it
is an equivalence.
By Proposition 4.12, for E to be a vector bundle stack means that the cofibered
category obtained by restricting E to pairs (A, I) where I is isomorphic to A is
equivalent to the cofibered category obtained by restricting ΨE• to the same sub-
category, for some chain complex E• of OX -modules of perfect amplitude in [−1, 0].
Since both ΨE• and E are additively cofibered, this equivalence can be extended in
an essentially unique way to the category of pairs (A, I) where I is a free A-module.
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Since both ΨE• and E are stacks over X-Alg, this equivalence can be further ex-
tended in an essentially unqiue way to the category of (A, I) where I is a locally free
A-module. Since both are left exact, this equivalence extends even to the cofibered
categories ΨE• and E on pairs (A, I
•) where I• is a cochain complex of locally free
A-modules.
The proposition asserts that the isomorphism between E and ΨE• is unique,
which means that if the proposition is proved locally, the local statements will au-
tomatically glue to a global statement. That is, to construct the maps ΨE•(A, I)
∼
−→
E (A, I) is a local problem on the e´tale site of A, provided that we also demonstrate
they are uniquely determined and compatible with further localization. We can
therefore work locally and assume (using [Ill71a, Corollary 4.3]) that there is a
quasi-isomorphism F˜• → E• where F• is a 2-term complex of free A-modules, with
Fi = 0 for i 6= 0, 1, and F˜• is its associated complex of sheaves. The perfect complex
F• is not unique, however, so we will to argue later that our constructions depend
on F• only up to unique isomorphism.
Now that we are working locally, say over a ring A, we can use the fact that
E and ΨE• are cartesian to reduce the problem to constructing an equivalence
between their restrictions to the category of A-modules. Indeed, if ϕ : A → B
is a homomorphism of X-algebras and J is a B-module, then ExtB(E•(B), J) →
ExtA(E•(A), J[ϕ]) is an equivalence, as is E (B, J) → E (A, J[ϕ]). Accordingly, we
now drop reference to the ring A from the notation, and simply write ΨE•(I),
Ext(E•, I˜) and E (I) in place of ΨE•(A, I), ExtA(E•(A), I˜) and E (A, I) for an A-
module I.
There is an object ξ ∈ ΨE•(F•) = Ext(E•, F˜•[−1]), well-defined up to unique iso-
morphism, corresponding to the identity map idF• via the equivalence (Lemma 4.6 (iii)):
ΨE•(F•[−1])→ ΨF•(F•[−1]).
Let η be the image of ξ via the equivalence
ΨE•(F•[−1])→ E (F•[−1]).
By Lemma 4.6 (i), this extends, uniquely up to unique isomorphism, to a cocarte-
sian section of E over ΨF• .
We have therefore constructed a morphism ΨF• → E . By composition with the
equivalence ΨE• → ΨF• , we obtain a map
(13) ΨE• → E
again determined uniquely up to unique isomorphism from F• → E•.
In the above discussion, every choice was determined uniquely up to unique iso-
morphism except for the map F˜• → E•. In fact, this map is uniquely determined up
to contractible ambiguity in a 2-category of 2-term chain complexes, but instead of
using this we will verify explicitly that the definition of the map ΨE• → E depends
on the choice of the quasi-isomorphism F˜• → E• only up to unique isomorphism.
Suppose that we are given two quasi-isomorphisms u : F˜• → E• and v : F˜
′
• → E•
where F• and F
′
• are chain complexes of free A-modules, concentrated in degrees
[−1, 0]. Then by [Ill71a, 4.2], there is a quasi-isomorphism w : F• → F
′
• and a
chain homomotpy h between u and the induced map vw˜ : F˜• → E• (recall that
w˜ : F˜• → F˜
′
• is the morphism of complexes of sheaves associated to w). Suppose
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that w′ : F• → F
′
• is another morphism and that h
′ is a chain homotopy connecting
vw˜′ and u. Then h− h′ is a chain homotopy between v(w˜− w˜′) and the zero map.
Lemma 4.14. Suppose that w : F• → F
′
• is a morphism of 2-term complexes of
free A-modules and v : F˜′• → E• is a quasi-isomorphism of A˜-modules on e´t(A).
Then any chain homotopy vw˜ ≃ 0 is induced from a unique chain homotopy w ≃ 0.
Proof. First we note that chain homotopies between w and zero form a pseudo-
torsor under Hom(F•,F
′
•[−1]) = Hom(H0(F•), H1(F
′
•)). Analogously, chain homo-
topies between vw˜ and zero form a torsor under Hom(F˜•,E•[−1]) = Hom(H0(F•)
∼, H1(E•)).
The map
Hom(H0(F•), H1(F
′
•))→ Hom(H0(F•)
∼, H1(E•))
is a bijection because v is a quasi-isomorphism. Therefore if h : vw ≃ 0 is a
chain homotopy in Hom(F•,E•), there is at most one lift of h to a chain homotopy
between v and 0 in Hom(F•,F
′
•).
Now we argue that a chain homotopy lifting h must exist. Since v is a quasi-
isomorphism and vw induces the zero map on homology, w also induces the zero
map on homology. We therefore have a commutative diagram with exact rows:
0 // H1(F•) //
0

F1
d //
w1

F0
g
~~
~
~
~
w0

//
0
##F
FF
FF
FF
FF
H0(F•) //
0

0
0 // H1(F′•) // F
′
1 d
// F′0 // H0(F
′
•)
// 0
Since F0 is free, there is certainly a dashed arrow g such that dg = w0. The
failure of this map to be a chain homotopy is measured be the difference gd− w1.
However, dgd − dw1 = w0d − w0d = 0, so the map gd − w1 factors through a
map F1 → H1(F
′
•). Moreover, this map vanishes on H1(F•) ⊂ F1, so it factors
through a map F1/H1(F•) → H1(F
′
•). We would like to extend this map to a
map F0 → H1(F
′
•), for then we could subtract this map from g to get the chain
homotopy we are looking for. The obstruction to the existence of such a lift lies
in Ext1(H0(F•), H1(F
′
•)) and does not depend on the choice of the original map g.
But the map
Ext1(H0(F•), H1(F
′
•))→ Ext
1(H0(F˜•), H1(E•))
is an isomorphism (because v is a quasi-isomorphism) and by construction, it sends
the obstruction to the existence of a chain homotopy w ≃ 0 to the obstruction
to the existence of a chain homotopy vw ≃ 0. The latter obstruction is zero by
assumption, and therefore so is the former. 
By the lemma, there is a unique chain homotopy w ≃ w′ : F• → F
′
•. This induces
a uniquely determined isomorphism w∗ξ ≃ w
′
∗ξ ∈ ΨE•(F
′
•[−1]) and therefore a
uniquely determined isomorphism between the induced objects of E (F′•). This
proceeds to give an isomorphism between the induced cocartesian sections of E
over ΨF′• , and therefore between the induced maps ΨE• → E .
For the rest of this proof, we write F for the additively cofibered stack ΨE• .
To demonstrate that the map F → E is an equivalence is a local problem, so we
are free to assume that X is representable by a commutative ring A and E• is
representable by a 2-term complex of free A-modules.
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We note that because X is assumed to be locally of finite presentation, any
X-algebra A admits a map from an X-algebra A0 whose underlying commutative
ring is finitely generated over Z. Likewise, the local finite presentation of E implies
that any object of E (A, I) is induced from some object of E (A1, I1) where A1 is
an A0-algebra of finite type and I1 is an A1-module of finite type. Moreover, by
the same argument, any two such representations of an object of E (A, I) as objects
over finite type objects of ComRngMod can be compared over a finite type object.
It follows that to demonstrate F → E is an equivalence, it suffices to check that
F (A, I)→ E (A, I) is an equivalence whenever A is an X-algebra whose underlying
commutative ring is of finite type over Z and I is an A-module of finite type.
In particular, we can assume that A is noetherian and therefore that I admits a
filtration of finite length whose associated graded module is a direct sum of modules
A/p where p is a prime ideal of A [Mat80, Theorem 6.4]. We note furthermore
that F is an exact additively cofibered category. Applying the following lemma
inductively completes the proof.
Lemma 4.15. Suppose that F → E is a morphism of left exact additively cofibered
categories over an abelian category C and that
0→ I → J → K → 0
is an exact sequence in C such that F (I) → E (I) and F (K) → E (K) are iso-
morphisms. Assume also that F is right exact. Then F (J) → E (J) is also an
isomorphism.
We have to show that F (J) → E (J) is fully faithful and essentially surjective.
For an additively cofibered category G , write G1(L) and G0(L), respectively, for the
isomorphism classes in G (L) and the automorphism group of the identity object of
G (L). We use the exact sequence [Gro68, (2.5.2)] associated to F and E (note,
however, that our notation differs: in loc. cit. F 0 denotes the isomorphism group
of the identity and F 1 denotes the set of isomorphism classes). The rows of the
commutative diagram
0 // F1(I) //

F1(J) //

F1(K) //

F0(I)

0 // E1(I) // E1(J) // E1(K) // E0(I)
are exact, so the 5-lemma implies the faithfulness; the exactness of the rows of
F1(K) //

F0(I) //

F0(J) //

F0(K)

// 0
E1(K) // E0(I) // E0(J) // E0(K)
and a version of the 5-lemma implies that the functor is full and essentially surjec-
tive. Note that the surjectivity of F0(J) → F0(K) comes from the exactness of
F . 
5. Obstruction groups
Let E be an obstruction theory for a morphism of homogeneous stacks h : X →
Y . For each X-algebra A and each A-module I, write E0(A, I) for the abelian
group of isomorphism classes in E (A, I) and E1(A, I) for the abelian group of auto-
morphisms of the identity section of E (A, I) (cf. [Gro68, Section 1.6], but note the
difference in the indexing).
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Lemma 5.1. Suppose that A0 is an A-algebra such that the A-module I is induced
from an A0-module I0. Then the A-module structures on E0(A, I) and E1(A, I) is
induced from the A0-module structures on E0(A0, I0) and E1(A0, I0).
Proof. One may use the fact that Ei(A, I) ≃ Ei(A0, I0) because E (A, I) ≃ E (A0, I0)
(see Proposition 3.1 (iv)).
Alternatively, note that the A-module structure on Ei(A, I) is induced from the
map A → EndA(I) → End(Ei(A, I)) by the functoriality of Ei(A, I) with respect
to A-module homomorphisms. The map A → EndA(I) factors through A0 by
hypothesis. 
Suppose that A is an X-algebra and A′ is a square-zero Y -algebra extension
of A with ideal I. The corresponding object ξ of h∗ExalY induces an obstruction
ω ∈ E (A, I), whose isomorphism class in E0(A, I) we denote by ω. Then ω is zero
if and only if ξ is induced from some object of ExalX , meaning that there is an
X-algebra structure on A′ inducing both the given X-algebra structure on A and
the Y -algebra structure on A′. In geometric terms, ω functions as an obstruction
to the existence of a solution to the lifting problem
SpecA //

X

SpecA′ //
;;x
x
x
x
x
Y.
This implies that the obstruction groups E0(A, I) satisfy [Art74, (2.6) (ii)]. The
obstruction groups E0(A, I) are also functorial in (A, I) “in the obvious sense” (loc.
cit.) but they need not take finite modules to finite modules (as in [Art74, (2.6) (i)])
without an extra hypothesis.
Should ω vanish, the lifts of ξ to ExalX are in bijection with the isomorphisms
between ω and a (fixed) zero section of E (A, I). Such isomorphisms form a torsor
under the automorphism group of the zero section, namely E1(A, I).
5.1. Obstruction sheaves. Suppose that X → Y is a morphism of homogeneous
stacks and E is an obstrution theory for X over Y . For each X-algebra A and each
A-module I, define E (A, I) to be the fibered category on e´t(A) whose value on an
e´tale A-algebra B is E (B, I ⊗AB). Of course, E (A, I) is a stack on e´t(A) because
it is the restriction of a stack from the large e´tale site.
Define E 1(A, I) and E 0(A, I) analogously.
Proposition 5.2. Suppose X is of Deligne–Mumford type over Y , let A be an X-
algebra, and let I be an A-module. Then the presheaf E 1(A, I) is a quasi-coherent
sheaf.
Proof. It is clear that E1 is a sheaf since it is the presheaf of automorphisms of a
section of a stack. It is therefore a local problem in A to demonstrate that E1(A, I)
is quasi-coherent.
By definition, we have
E1(A, I) = e(A, I) ×
E (A,I)
e(A, I) = e(A, I) ×
ExalY (A,I)
ExalX(A, I)
where e is a zero section of E . But e(A, I) → ExalY (A, I) is representable by the
trivial Y -algebra extension of A by I. Therefore E1(A, I) consists of the X-algebra
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structures on A+ I lifting the trivial Y -algebra structure. In geometric terms, it is
the set of lifts of
S //

X

S[I˜]
>>|
|
|
|
// Y
where S = SpecA and S[I˜]→ Y is the map induced from the map S → Y and the
retraction S[I˜]→ S.
To prove the proposition, we must show that E1(A, I)⊗AB ≃ E1(B, I ⊗AB)
whenever B is an e´tale A-algebra.
By base change, we can assume that Y is representable by a commutative ring
C and therefore that X is a Deligne–Mumford stack. If U is e´tale over X and
the X-algebra structure on A is induced from a U -algebra structure on A, then
ExalX(A, I) = ExalU (A, I). Since we are free to work locally in A, we can therefore
replace X by U and assume that X is representable by a C-algebra D. Let ϕ :
D → A denote the map giving the X-algebra structure on A and let ψ : D → B be
the induced map.
Now we have
E1(B, I ⊗
A
B) = HomD(ΩD/C , (I ⊗
A
B)[ψ]).
Since B is flat over A, we have
HomD(ΩD/C , (I ⊗
A
B)[ψ]) = HomD(ΩD/C , I[ϕ])⊗
A
B = E1(A, I)⊗
A
B
which implies the proposition. 
Although E 1(A, I) is always a sheaf, E 0(A, I) generally will not be. However,
we have
Proposition 5.3. The functor B 7→ E0(B, I ⊗AB) is a separated presheaf on the
e´tale site of A.
Proof. In effect, we must show that if ω is an object of E (A, I) that is locally
isomorphic to zero then it is globally isomorphic to zero. But if ω is locally iso-
morphic to zero, the isomorphisms between ω and zero form a torsor on the e´tale
site of A under the sheaf of abelian groups E 1(A, I). By Proposition 5.2, E 1(A, I)
is quasi-coherent and therefore a torsor under E 1(A, I) on e´t(A) admits a global
section. 
Corollary 5.4. (i) The map from E 0(A, I) to its associated sheaf is injective.
(ii) If ω ∈ E 0(A, I) is an obstruction to a lifting problem then its image in
the associated sheaf of E 0(A, I) is also an obstruction to the same lifting
problem.
5.2. Li–Tian obstruction theories. Let MA denote the A-module structure on
A itself. For each A-module I, there is a natural map of presheaves of A˜-modules
on e´t(A),
(14) E 0(A,MA)⊗
A
I → E 0(A, I),
induced by the A-linear map A → I associated to each element of I. The lin-
earity with respect to I follows from the additivity of E0(A,−). The functor
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I 7→ E0(A,MA)⊗A I is right exact, so if (14) is an isomorphism for all I then
E0(A,−) is right exact.
Proposition 5.5. If the maps (14) are isomorphisms for all I then E is an exact
additively cofibered category. If E is exact and locally of finite presentation then the
maps (14) are isomorphisms.
Proof. If J → K is a surjection of A-modules, then right exactness of E 0(A,−)
implies that E (A, J)→ E (A,K) is locally surjective on isomorphism classes, which
is what it means to be right exact. This proves the first claim.
Conversely, suppose that E is exact, so E0 is right exact. Then for any exact
sequence
(15) 0→ I → J → K → 0
of A-modules, we have a commutative diagram
E 0(A,MA)⊗A I //

E 0(A,MA)⊗A J //

E 0(A,MA)⊗AK //

0
E 0(A, I)
// E 0(A, J) // E 0(A,K) // 0
with exact rows. By additivity and local finite presentation, the map E0(A,MA)⊗A J →
E0(A, J) is an isomorphism if J is a free A-module. If K is given, we may choose an
exact sequence (15) in which J is free. Then the commutative diagram above im-
plies the surjectivity of E0(A,MA)⊗AK → E0(A,K). This applied withK replaced
by I gives the surjectivity of the leftmost vertical arrow, which is enough to imply
that the map E0(A,MA)⊗AK → E0(A,K) is a bijection, by the 5-lemma. 
Let E 0(A, I)
+ denote the associated sheaf of E 0(A, I) on e´t(A).
Proposition 5.6. If E is an exact obstruction theory for X over Y then it induces
an obstruction theory for X over Y in the sense of [LT98, Definition 1.2], such that
sheaf of obstruction groups is E 1(A, I)
+.
Proof. We recall the situation of [LT98, Definition 1.2] (but change some of the
letters). Suppose that S0 → S → S
′ is a sequence of closed embeddings of schemes
with S0 = SpecA0 affine. Assume that the ideal of S0 in S annihilates the ideal of
S in S′ and write I for the A0-module corresponding to the ideal of S in S
′. Given
a lifting problem
S //

X

S′
>>}
}
}
}
// Y
there is an obstruction to the existence of a lift in E0(A0, I). Since E0(A0, I) ⊂
Γ(e´t(A), E 0(A, I)
+) we can also view the obstruction as living in E 0(A, I)
+. Since
E is exact and locally of finite presentation, E0(A0, I) = E0(A0,MA0)⊗A0 I. Since
sheafification preserves tensor product, we also get
E 0(A0, I)
+ = E 0(A0,MA0)
+ ⊗
A0
I.
We determine that there is an obstruction class in E 0(A0,MA0)
+⊗A0 I, as required
by [LT98, Definition 1.2]. 
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Note that an obstruction theory that is represented by a 2-term complex of free
A-modules is exact. Therefore any perfect obstruction theory, in the sense of [BF97]
induces an obstruction theory in the sense of [LT98] (which is perfect in the sense
of Li–Tian). Moreover, this is the same process by which a Li–Tian obstruction
theory is associated to a Behrend–Fantechi obstruction theory in [KKP03, Sec-
tion 3]. Provided that the complex representing the obstruction theory is globally
representable by a 2-term complex of vector bundles (in order that the Li–Tian
obstruction class be defined), [KKP03, Corollary 1] implies that the virtual funda-
mental class defined by Li and Tian coincides with that defined by Behrend and
Fantechi (as in Section 4.2).
6. Compatibility
6.1. Compatible obstruction theories for morphisms of Deligne–Mumford
type. We recall that an exact sequence of left exact, additively cofibered categories
0→ E → F → G
is a specified cartesian diagram
E //

F

e // G .
We say that the sequence is right exact, and we affix an arrow G → 0 at the end of
the sequence, to mean that the map F → G is locally essentially surjective.
Let X
f
−→ Y
g
−→ Z be a sequence of morphisms of homogeneous stacks. We will
specify a notion of compatibility between relative obstruction theories for f , g, and
gf that reduces to a familiar notion for obstruction theories in the sense of Behrend–
Fantechi. It is easiest to describe compatibility for morphisms of Deligne–Mumford
type, so we do that first; then we explain how this can be generalized.
Definition 6.1. LetX
f
−→ Y
g
−→ Z be a sequence of morphisms of Deligne–Mumford
type. A compatible sequence of relative obstruction theories for this sequence of
maps is a commutative diagram
(16) 0 // NX/Y //

NX/Z //

f∗NY/Z

0 // EX/Y // EX/Z // f
∗EY/Z // 0
in which the first row is the canonical sequence of relative instrinsic normal stacks
(whose left exactness we leave to the reader), the second row is an exact sequence of
left exact additively cofibered stacks, and the map f∗NY/Z → f
∗EY/Z is pulled back
from an obstruction theory NY/Z → EY/Z for Y over Z. The map NX/Y → EX/Y
is required to be isomorphic to the one induced from the commutative square on
the right by the exactness of the two rows (provided it exists the isomorphism is
unique).
Proposition 6.2. Suppose we have a compatible sequence of obstruction theories
as in Definition 6.1 and the obstruction theories in question are all perfect, hence
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give rise to relative Gysin pullback functors. Then
(gf)! = f !g! and
f ![Y/Z]vir = [X/Z]vir.
Proof. This reduces immediately to [Man08, Theorem 4]. 
6.2. Compatible obstruction theories in general. Suppose that X
f
−→ Y
g
−→ Z
is a sequence of morphisms of homogeneous stacks. We say that relative obstruc-
tion theories EX/Y , EX/Z , and EY/Z are compatible if we are given a commutative
diagram
(17) ExalX //

f∗ExalY //

f∗g∗ExalZ

e // EX/Y //

EX/Z

e // f∗EY/Z .
in which
(i) the square in the upper left is the cartesian square associated to the ob-
struction theory EX/Y ,
(ii) the upper large rectangle is the cartesian square associated to the obstruc-
tion theory EX/Z ,
(iii) the large rectange on the right is the cartesian square associated to the
obstruction theory EY/Z , pulled back via f
∗,
(iv) the square in the lower right is cartesian, and
(v) the map EX/Z → f
∗EY/Z is locally essentially surjective.
Proposition 6.3. Suppose that X → Y → Z are morphisms of Deligne–Mumford
type. If EX/Y , EX/Z , and EY/Z are compatible relative obstruction theories in the
sense described above then they are also compatible relative obstruction theories in
the sense of Section 6.1.
Proof. The commutative diagram (17) induces a commutative diagram
f∗ExalY //

f∗g∗ExalZ //

g∗ExalZ

EX/Y //

EX/Z

// EY/Z

X X // Y.
Recall that the restriction of f∗ExalY to the small e´tale site of X is the same as
the restriction of NX/Y to the small e´tale site of X . Likewise f
∗g∗ExalZ and NX/Z
have the same restriction to the small e´tale site of X and g∗ExalZ has the same
restriction as NY/Z to the small e´tale site of Y . Restricting the maps above to the
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small sites and then pulling back to the big sites, we obtain a commutative diagram
NX/Y //

NX/Z //

NY/Z

EX/Y //

EX/Z //

EY/Z

X X // Y
which induces the required diagram (16). 
6.3. A construction for compatible obstruction theories. Suppose thatX
f
−→
Y
g
−→ Z is a sequence of morphisms of homogeneous stacks and EX/Z and EY/Z are
relative obstruction theories. We therefore have cartesian diagrams
ExalX //

e

f∗g∗ExalZ // EX/Z
f∗ExalY //

e

f∗g∗ExalZ // EY/Z .
Suppose that these diagrams can be fit together in a commutative diagram
(18) f∗ExalY //
&&LL
LL
LL
LL
LL
LL
L
f∗g∗ExalZ //
%%LL
LL
LL
LL
LL
EX/Z

ExalX
OO 88rrrrrrrrrrr
// e //
99rrrrrrrrrrrr f∗EY/Z
over X-AlgMod. Given such a diagram, define EX/Y to be the kernel of the map
EX/Z → f
∗EY/Z . That is, define EX/Y = EX/Z ×f∗EY/Z e.
Lemma 6.4. If EX/Z and EY/Z are relative obstruction theories for X/Z and Y/Z,
respectively, fitting into a commutative diagram (18), and EX/Y is defined as above,
then EX/Y is naturally equipped with the structure of an obstruction theory for X
over Y .
Proof. The functoriality properties of EX/Y are all deduced from those of EX/Z and
f∗EY/Z . The only thing to verify is that EX/Y comes equipped with a diagram (8).
Following the upper horizontal arrow across (18), we get a map f∗ExalY → EX/Z
and an isomorphism between the induced map f∗ExalY → f
∗EY/Z and the zero
map. It therefore induces (uniquely up to unique isomorphism) a map f∗ExalY →
EX/Y . We therefore obtain a commutative diagram (17). The lower right square is
cartesian by definition and the large rectangle on the right is cartesian by hypothe-
sis; therefore the upper right square is cartesian. The large upper rectangle is also
cartesian by hypothesis, so the square in the upper left is cartesian as well, as was
required. 
7. Examples
7.1. Smooth morphisms. Recall the definition of TX/Y from Section 2.2. We
write BTX/Y for the additively cofibered category of TX/Y -torsors: an object of
BTX/Y (A, I) is a torsor on e´t(A) under the sheaf of groups T X/Y (A, I).
Proposition 7.1. Suppose that X and Y are algebraic stacks and X → Y is a
smooth morphism of Deligne–Mumford type. Then NX/Y ≃ BTX/Y .
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Proof. It is sufficient to assume that Y is affine (or at least of Deligne–Mumford
type) and therefore that X is a Deligne–Mumford stack. We can construct the
construct isomorphism on the small e´tale site of X . Note in that case that a section
of NX/Y (A), when A is an e´tale X-algebra, is a square-zero extension A
′ of A as
a Y -algebra. The lifts of the Y -algebra structure on A′ to an X-algebra structure
form a torsor on SpecA under the quasi-coherent sheaf of groups TX/Y ⊗X J˜ where
J is the ideal of A in A′. But Γ(A, TX/Y ⊗X J˜) = TX/Y (A, J), so this gives the
desired map NX/Y → BTX/Y . It is well-known that this map induces a bijection
on morphisms. Since both NX/Y (A, J) and BTX/Y (A, J) are gerbes, this implies
that the map is an equivalence. 
7.2. Local complete intersection morphisms. Let X and Y be algebraic stacks
and let X → Y be a morphism of Deligne–Mumford type. Then NX/Y is a relative
obstruction theory for X over Y , as we saw in Section 3.2.
Proposition 7.2. If X → Y is a local complete intersection morphism, then NX/Y
is perfect.
First proof. Remark that NX/Y (A, J) = Ext(LX/Y ⊗X A, J) and LX/Y is perfect
in degrees [−1, 0]. 
Second proof. First note that X is locally of finite presentation over Y and NX/Y
is locally of finite presentation as an obstruction theory. We can therefore use the
criterion of Proposition 4.13: it suffices to see that the abelian cone stack NX/Y is
a vector bundle stack.
It is sufficient to assume that Y is an affine scheme by base change, and the
problem is e´tale local in X , so we can also assume that X is affine. We can
therefore assume that X → Y factors as a closed complete intersection embedding
i : X → Z followed by a smooth map Z → Y . We have an exact sequence
0→ NX/Z → NX/Y → i
∗NY/Z
and NX/Z is a vector bundle and i
∗NY/Z = i
∗BTY/Z (Proposition 7.1) is a vector
bundle stack . Therefore by [Ill71a, Comple´ment I.4.11], NX/Y is a vector bundle
stack. 
7.3. Stable maps. Let X → V be a smooth, Deligne–Mumford type morphism
of algebraic stacks. Consider the stack M(X/V ) whose S-points are commutative
diagrams
(19) C //
pi

X
q

S // V
where C/S is a family of twisted Deligne–Mumford pre-stable curves. Let M be
the stack of twisted Deligne–Mumford pre-stable curves. There is a projection h :
M(X/V )→M×V . We describe a relative obstruction theory. For the description
of the obstruction theory itself, there is no requirement that C be a pre-stable
curve; that hypothesis is only necessary to demonstrate that the obstruction theory
is perfect.
We will pass to the opposite category here and define the relative obstruction
theory as a fibered category over the category of affine schemes over M(X/V ).
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Begin by defining T ◦X/V as in Section 2.2 (but passing to the opposite category
as we work geometrically in this section). If C is an X-scheme and J is a quasi-
coherent sheaf on C then an object of T ◦X/V (C, J) is a completion of the diagram
C //

X

C[J ] //
=={
{
{
{
V
where C[J ] is the trivial square-zero extension of C by J and the map C[J ]→ V is
the zero tangent vector (the map factoring through the retraction of C[J ] onto C).
Recall that BT ◦X/V = N
◦
X/V . Given S-point (19) of M(X/V ) and a quasi-
coherent sheaf J on S, we obtain a stack N ◦X/V (C, π
∗J) by restricting N ◦X/V to
e´t(C). Define E ◦(S, J) = π∗N
◦
X/V (C, π
∗J).
To show that E ◦(S, J) is the (opposite of the) restriction of an obstruction theory
E ◦ to S and J , we must describe how its functoriality with respect to the variation of
S and J . It must vary both covariantly and contravariantly with S and covariantly
with J (the contravariance in S and covariance in J combine to E ’s being a cofibered
category over ComRngMod and the contravariance with S corresponds to being
fibered over ComRng).
For the contravariance in S and the covariance in J , consider a commutative
diagram
(20) CS
ϕS
''
g
//

CT

ϕT
// X

S
f
// T // V
corresponding to a morphism inM(X/V ), and a morphism ofOS-modules f
∗I → J .
We assume that S → T is affine. Since N ◦X/V is an obstruction theory there is a
map N ◦X/V (CT , π
∗
T I)→ N
◦
X/V (CS , π
∗
SJ). Allowing CS and CT to vary in their e´tale
sites gives a map N ◦X/V (CT , π
∗
T I) → g∗N
◦
X/V (CS , π
∗
SJ). Then pushing forward
by πT , we get E
◦(T, I)→ f∗E
◦(S, T ) and passing to global sections gives the map
E ◦(T, I)→ E ◦(S, J).
For the covariance in S, consider again the diagram (20). We only need to
consider the case where S and T are both affine (by definition), but it is actually
enough to assume only that f is an affine map. Therefore g is also affine. We
have given a V -extension of ϕ∗SOX by π
∗
SJ , we may push forward by g to obtain a
V -extension of g∗ϕ
∗
SOX by g∗π
∗
SJ = π
∗
T f∗J . Pulling back via the map ϕ
∗
TOX →
g∗ϕ
∗
SOX = g∗g
∗ϕ∗TOX , we get an extension of ϕ
∗
TOX by π
∗
T f∗J , which is a section
of E ◦(T, f∗J), as needed.
Remark 7.3. In fact, one can demonstrate more generally that if E ◦ is an ob-
struction theory then its natural extension to all schemes (Section 3.3) behaves
covariantly with respect to affine morphisms.
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Finally, we have to construct the cartesian diagram (8) (or really, given that we
are working now with the opposite category, a cartesian diagram
DefM(X/V ) //

e

h∗DefM×V
ω // E ◦,
using the notation of Section 3.3). An object of h∗DefM×V corresponds to a com-
mutative diagram of solid lines
(21) C //

ϕ
%%
C′

//___ X
q

S // S′ // V
in which S′ is a square-zero extension of S, and to lift it to DefM(X/V ) means
to construct a dashed arrow making the diagram commutative. This immediately
translates to the lifting problem
(22) C //

X

C′
>>}
}
}
}
// V,
which we know is obstructed by the obstruction theory N ◦X/V . This gives the map
DefM×V → N
◦
X/V and it is immediate from the fact that N
◦
X/V is an obstruction
theory for X over V that E ◦ is an obstruction theory for M(X/V ) over M× V .
This can be put somewhat more precisely as follows. We obtain the map
h∗DefM×V (S, J)→ E
◦(S, J) = π∗N
◦
X/V (C, π
∗J) as the composition
h∗DefM×V (S, J)→ π∗q
∗DefV (C, π
∗J)→ π∗N
◦
X/V .
The first arrow sends a map S′ → M × V extending the one induced from S →
M(X/V ) to the diagram (22). Since N ◦X/V is an obstruction theory for X over V ,
we have
DefX(C, π
∗J) = q∗DefV (C, π
∗J) ×
N ◦
X/V
(C,pi∗J)
e.
Pushforward is exact, so we get
DefM×V (S, J) ×
E ◦(S,J)
e = DefM×V (S, J) ×
pi∗q∗DefV (C,pi
∗J)
DefX(C, π
∗J).
Unwound, the last term is exactly the collection of completions of Diagram (21).
This is exactly what we needed to show that E is an obstruction theory.
We can also demonstrate that the obstruction theory is perfect using the criterion
for perfection proved above, provided X is locally of finite presentation over V . In
effect, it is sufficient to remark that in this case E is locally of finite presentation,
and therefore it is enough to prove that π∗ϕ
∗NX/V (= π∗N
◦
X/V (C,OC)) is a vector
bundle stack. But now we use the facts that C has relative dimension 1 over C, that
N
◦
X/V (C,OC) = BT
◦
X/V (C,OC) is representable by ϕ
∗TX/V [1], and that TX/V is
flat over S to show that Rπ∗ϕ
∗TX/V [1] is perfect in degrees [−1, 0].
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Appendix A. Biextensions
Let C be the abelian category of sheaves of O-modules on a site. For any C ∈ C ,
we can define two functors C × C → Sets:
(A,B) 7→ Hom(A,Hom(B,C))
(A,B) 7→ Hom(A⊗B,C).
These functors are of course isomorphic. If F, and G are left exact additively fibered
categories on C , define Hom(E,Hom(F,G)) to be the category of completions of
the diagram
E× F //___

G

C × C
⊗ // C .
We treat E⊗F as a placeholder so that we may write Hom(E⊗F,G) to mean
Γ(E,Hom(F,G)). There is an equivalence E⊗F ≃ F⊗E, meaning that we have
Hom(E⊗F,G) ≃ Hom(F⊗E,G).
Allowing E to vary among representable additively fibered categories over C , we
obtain a fibered category Hom(F,G) with fiber Hom(X,Hom(F,G)) over X ∈ C .
Lemma A.1. The fibered category Hom(F,G) over C is left exact and additively
fibered.
Proof. First we check additivity. We have
Hom(0,Hom(F,G)) = lim
←−
Z∈F
G(0⊗Z) = 0
Hom(X ⊕ Y,Hom(F,G)) = lim
←−
Z∈F
G((X ⊕ Y )⊗Z)
= lim
←−
Z∈F
G(X ⊗Z)× lim
←−
Z∈F
G(Y ⊗Z))
= Hom(X,Hom(F,G))×Hom(Y,Hom(F,G)).
To demonstrate left exactness, consider an exact sequence
0→W → X → Y → 0
in C . Note that flat O-modules generate C , so we have
Hom(Y,Hom(F,G)) = lim
←−
Z∈F
flat
G(Y ⊗Z) = lim
←−
Z∈F
flat
G([W → X ]⊗Z)
= Hom([W → X ],Hom(F,G)).

Let BO be the left exact, additively cofibered category of extensions by O. Then
if F is an additively fibered category over C , we define F∨ = Hom(F, BO). We have
Hom(E,F∨) ≃ Hom(E⊗F, BO)
and in particular
Hom(F∨,F∨) ≃ Hom(F⊗F∨, BO) ≃ Hom(F,Hom(F∨, BO)).
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We also have a natural map F → (F∨)∨ by following idF∨ through the chain of
equivalences above.
Lemma A.2. Suppose that F is represented by a 2-term complex of vector bundles
F•. Then F
∨ is represented by the complex F∨• [1].
Proof. Hom(F, BO) is the category of diagrams
(23) F1
~~}}
}}
}}
}}
0 // O // X // F0 // 0
where the second row is exact. On the other hand, a section of [F∨1 /F
∨
0 ] can be
viewed as an F∨1 -torsor P and a F
∨
1 -equivariant map P → F
∨
0 . There is a canonical
way to extend P to an extension W of O by F∨1 such that P is the fiber of W over
the section 1 ∈ O; the map P → F∨0 extends to a map W → F
∨
1 and we have a
commutative diagram
(24) 0 // F∨0 //

W //
~~ ~
~~
~~
~~
O // 0
F∨1
in which the first row is exact. Since F• is a complex of locally free O-modules and
O is its own dual, diagrams of the forms (23) and (24) are exchanged by duality. 
Corollary A.3. If F is a vector bundle stack then F∨ is also a vector bundle stack.
Corollary A.4. If F is a vector bundle stack then the map F → (F∨)∨ is an
equivalence.
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